Directional limits on persistent gravitational waves using data from Advanced LIGO’s first two observing runs by Abbott, B. P. et al.
 
 
 
 
 
Abbott, B. P. et al. (2019) Directional limits on persistent gravitational 
waves using data from Advanced LIGO’s first two observing runs. Physical 
Review D, 100(6), 062001. (doi:10.1103/PhysRevD.100.062001). 
 
This is the author’s final accepted version. 
 
There may be differences between this version and the published version. 
You are advised to consult the publisher’s version if you wish to cite from 
it. 
 
http://eprints.gla.ac.uk/195457/    
                    
 
 
 
 
 
 
Deposited on: 20 November 2019 
 
 
 
 
 
 
 
 
Enlighten – Research publications by members of the University of Glasgow 
http://eprints.gla.ac.uk  
 
Directional limits on persistent gravitational waves
using data from Advanced LIGO’s first two observing runs
The LIGO Scientific Collaboration and The Virgo Collaboration
(Dated: September 10, 2019)
We perform an unmodeled search for persistent, directional gravitational wave (GW) sources using
data from the first and second observing runs of Advanced LIGO. We do not find evidence for any
GW signals. We place limits on the broadband GW flux emitted at 25 Hz from point sources with
a power law spectrum at Fα,Θ < (0.05− 25)× 10−8 erg cm−2 s−1 Hz−1 and the (normalized) energy
density spectrum in GWs at 25 Hz from extended sources at Ωα(Θ) < (0.19−2.89)×10−8 sr−1 where
α is the spectral index of the energy density spectrum. These represent improvements of 2.5 − 3×
over previous limits. We also consider point sources emitting GWs at a single frequency, targeting
the directions of Sco X-1, SN 1987A, and the Galactic Center. The best upper limits on the strain
amplitude of a potential source in these three directions range from h0 < (3.6− 4.7)× 10−25, 1.5×
better than previous limits set with the same analysis method. We also report on a marginally
significant outlier at 36.06 Hz. This outlier is not consistent with a persistent gravitational-wave
source as its significance diminishes when combining all of the available data.
I. INTRODUCTION
The stochastic gravitational wave (GW) background
(SGWB) is the superposition of many sources of GWs in
the Universe [1]. Anisotropies in the SGWB can be gen-
erated by spatially extended sources such as a population
of neutron stars in the galactic plane or a nearby galaxy
[2, 3], or from perturbations in statistically-isotropic
backgrounds formed at cosmological distances such as the
compact binary background [4–9] or the background from
cosmic strings [10]. Cross-correlation based methods
have been used to search for the anisotropic background
in previous observing runs [11–14] of the initial and Ad-
vanced Laser Interferomter Gravitational-wave Observa-
tory (LIGO) [15], and future searches will incorporate
data from the Advanced Virgo [16] detector. Using very
similar techniques, one can also search for point sources
with an unknown phase evolution, which could include
rotating neutron stars in the Galaxy [17, 18]. Since a
SGWB search is by nature un-modelled, performing the
anisotropic SGWB search allows us to take an eyes-wide-
open approach to exploring the GW sky.
In this paper, we present the results of three com-
plementary searches, which probe different types of
anisotropy. All of the searches are based on cross-
correlation methods; for a review see [19]. A spherical
harmonic decomposition (SHD) of the GW power on the
sky [12, 20] is optimized to search for extended sources on
the sky with a smooth frequency spectrum. The broad-
band radiometer analysis [17, 18] (BBR) is optimized
for detecting resolvable, persistent point-sources emitting
GWs across a wide frequency band. Finally, the directed
narrowband radiometer (NBR) looks at the frequency
spectrum for three astrophysically interesting directions:
Scorpius X-1 (Sco X-1) [21, 22], Supernova 1987A (SN
1987A) [23, 24], and the Galactic Center [25, 26]. We do
not find a significant detection for any of the searches,
and so we place upper limits on the amplitude of the
anisotropic SGWB, and on point sources with broad and
narrow frequency ranges. Our upper limits improve on
the best results from previous runs [11] by approximately
a factor of 2.5-3 for the broadband searches and a factor
of 1.5 for the narrowband searches. For the narrowband
radiometer search, we find a marginally significant out-
lier in the direction of SN 1987A, when analyzing just
the data from LIGO’s second observing run (O2). Its
significance diminishes, however, when including all of
the available data.
II. DATA
We analyze strain data from the first (O1) and second
(O2) observing runs of Advanced LIGO’s 4 km detectors
in Hanford, Washington (H1) and Livingston, Louisiana
(L1). The O1 data set used here was collected from 15:00
UTC on 18 September, 2015 to 16:00 UTC on 12 January,
2016, while the O2 data set was collected from 16:00:00
UTC on 30 November, 2016 to 22:00:00 UTC on 25 Au-
gust, 2017. In O2, linearly coupled noise was removed
from the strain time series at H1 and L1 using Wiener fil-
tering [27–31]. The Virgo (V1) detector started to collect
data from August 2017 but does not contribute signifi-
cantly to the sensitivity of SGWB searches in O2, both
because its noise level is much higher than the LIGO de-
tectors and because it ran for a much shorter period of
time. Therefore, we do not include Virgo in this analy-
sis. We plan, however, to include Virgo in the analysis of
data from future observation runs.
Our data processing methods follow the procedure
used in O1 [11, 32]. First, we down-sample the strain
time series from 16,384 Hz to 4,096 Hz. We then divide
the data into 192 s, 50% overlapping, Hann-windowed
segments, and apply a cascading 16th order Butterworth
digital high-pass filter with a knee frequency of 11 Hz.
We compute the cross correlation of coincident 192 s seg-
ments at both detectors in the frequency domain, and
then coarse-grain to a frequency resolution of 1/32 Hz.
Finally, we optimally combine results from those overlap-
ping time segments to produce the final cross-correlation
2estimate [33].
In order to account for non-Gaussian features in the
data, we remove segments associated with instrumental
artifacts and hardware injections used for signal valida-
tion [34, 35]. Segments containing known GW signals [36]
are also excluded. Finally, we apply a non-stationarity
cut (see, e.g., [37]) to eliminate segments where the power
spectral density of the noise changes on time scales that
are of the same order as the chosen segment length. In
total these cuts removed 16% of the data, leading to a
total search live-time of 99 days from the O2 run. For
our results where we combine data between the O1 and
O2 observing runs we have a total search livetime of 129
days. In addition, frequency bins associated with known
instrumental artifacts are removed [38]. These frequency
domain cuts discarded 4% of the most sensitive frequency
band for the BBR and SHD searches and 15% of the ob-
serving band for the NBR search. The subtraction of lin-
early coupled noise did not introduce any new frequency
domain cuts.
The broadband searches integrate over frequencies be-
tween 20 and 500 Hz. This range accounts for more than
99% of the sensitivity for the power law spectral models
that we use (see Table 1 of [39]). The narrowband analy-
sis searches over the frequency band from 20 to 1726 Hz
using frequency bins of various sizes depending upon fre-
quency and sky direction. The lower edge of this range
is chosen because of increased noise and non-stationarity
at lower frequencies, while the upper edge of the range
is a product of the filter used to resample the data from
16,384 Hz to 4,096 Hz.
III. METHODS
The anisotropic SGWB background can be defined in
terms of the dimensionless energy density Ωgw(f,Θ) per
unit frequency f and solid angle Θ,
Ωgw(f,Θ) =
f
ρc
d3ρGW
dfd2Θ
, (1)
where ρc = 3H
2
0 c
2/(8piG) is the critical energy density
needed to have a spatially flat Universe. We take the
Hubble constant to be H0 = 67.9 km s
−1 Mpc−1 [40]. Fol-
lowing past analyses, we assume that we can factorize
Ωgw into frequency and sky-direction dependent terms,
Ωgw(f,Θ) =
2pi2
3H20
f3H(f)P(Θ). (2)
This quantity has units of the dimensionless energy den-
sity parameter per steradian. For the radiometer searches
it is useful to define a different representation in terms of
energy flux,
F(f,Θ) = c
3pi
4G
f2H(f)P(Θ), (3)
which has units of erg cm−2 s−1 Hz−1 sr−1, where c is the
speed of light and G is Newton’s gravitational constant.
We divide the searches into the broadband searches
(SHD and BBR), which produce sky maps where the
flux has been integrated over a broad range of frequen-
cies, and the narrowband search (NBR), which looks
at the strain amplitude spectrum in a fixed sky di-
rection. For the broadband searches, we typically as-
sume that the energy spectrum has a power law form,
H(f) = (f/fref)
α−3, where α = {0, 2/3, 3} describes a
range of astrophysical and cosmological models [11], and
fref is a reference frequency which we take to be 25 Hz,
as in [11]. The SHD search looks for sources with a large
angular extent. We express the results in terms of the
spherical harmonic decomposition of Ωgw(f,Θ) assuming
a power-law in frequency of spectral index α. We then
report the energy density in each direction at a reference
frequency of 25 Hz, denoted by Ωα(Θ).
For the BBR search, we assume that the angular dis-
tribution of the power is localized in a 1 deg2 pixel,
P(Θ) = PΘ0δ2(Θ,Θ0). The results of the BBR are then
given in terms of the quantity Fα,Θ0 , which is the flux
evaluated at the reference frequency of 25 Hz, assum-
ing a power law, after integrating over solid angle. The
explicit definitions of Fα,Θ0 and Ωα(Θ) are given in the
Technical Supplement.
Finally, the NBR search does not integrate over fre-
quency, and attempts to measure the strain amplitude,
h0, of a putative monochromatic source in each fre-
quency bin independently. This includes combining ad-
jacent 0.031 Hz frequency bins together to account for
the Doppler modulation due to the motion of the Earth
around the solar system barycenter and any binary mo-
tion of the source itself [11].
The full description of the methods used to search for
an anisotropic SGWB is presented in the Technical Sup-
plement and in the paper describing the analysis of the
Advanced LIGO O1 data. We follow the notation pre-
sented in that Letter [11].
The searches all generally start by estimating the dirty
map Xν , and its corresponding covariance matrix Γµν ,
referred to here as the Fisher matrix [11, 20, 41]. The
dirty map represents an estimate of the GW power as
seen through the detector’s beam matrix.
Given the Fisher matrix ΓIµν and dirty map X
I
ν , where
I labels the observing run, we can form a combined Fisher
matrix and dirty map by summing the results from the
two runs, O1 and O2 [19]
Γµν = Γ
(O1)
µν + Γ
(O2)
µν ,
Xµ = X
(O1)
µ +X
(O2)
µ . (4)
From the combined Fisher matrix and dirty map, we can
construct estimators of the power on the sky via:
Pˆµ =
∑
ν
(
Γ−1R
)
µν
Xν . (5)
In the above equations, µ, ν label either pixels (i.e., direc-
tions on the sky) or spherical harmonic components—i.e.,
3All-sky (broadband) Results
Max SNR (% p-value) Upper limit ranges O1 Upper limit ranges
α Ωgw H(f) BBR SHD BBR (×10−8) SHD (×10−8) BBR (×10−8) SHD (×10−8)
0 constant ∝ f−3 3.09 (9) 2.98 (9) 4.4 – 25 0.78 – 2.90 15 – 65 3.2 – 8.7
2/3 ∝ f2/3 ∝ f−7/3 3.09 (20) 2.61 (31) 2.3 – 14 0.64 –2.47 7.9 – 39 2.5 – 6.7
3 ∝ f3 constant 3.27 (66) 3.57 (27) 0.05 – 0.33 0.19 – 1.1 0.14 – 1.1 0.5 – 3.1
TABLE I. Search information for BBR and SHD. On the left side of the table we show the value of the power-law spectral
index, α, and the scaling of Ωgw and H(f) with frequency. To the right we show results for the broadband radiometer (BBR)
and spherical harmonic decomposition (SHD) searches for the combined O1 and O2 analysis, as well as the results from O1 for
comparison. We show the maximum SNR across all sky positions for each spectral index, as well as an estimated p-value. We
also show the range of 95% upper limits on energy flux set by the BBR search across the whole sky [erg cm−2 s−1 Hz−1] and
the SHD range of upper limits on normalized energy density across the whole sky [sr−1]. These limits use data from both O1
and O2. The median improvement across the sky compared to limits set in O1 is 2.6-2.7 for the BBR search and 2.8-3 for the
SHD search, depending on power-law spectral index.
µ ≡ (lm), depending on which basis is used to represent
the sky maps. The subscript ‘R’ on the Fisher matrix
means that regularization has been applied (e.g., singu-
lar value decomposition) in order to perform the matrix
inversion [11].
We can also construct an estimate of the angular power
spectrum, Cl, for the SGWB from the estimate of the
spherical harmonics coefficients, Pˆlm. The Cl’s describe
the angular scale of the structure found in the clean
maps [20]
Cˆl =
(
2pi2f3ref
3H20
)2
1
1 + 2l
l∑
m=−l
[
|Pˆlm|2 − (Γ−1R )lm,lm
]
.
(6)
We have also used theoretical models for the SGWB
from compact binaries [4] and from Nambu-Goto cosmic
strings [10] to check our assumption that the SGWB en-
ergy density Ωgw(f,Θ) can be factorised into a spectral
shape term and an angular power term. We find that
both models predict Cl’s that follow the appropriate fre-
quency power laws (α = 2/3 for compact binaries and
α = 0 for cosmic strings) across the frequency range in
which the LIGO stochastic searches are most sensitive,
thereby supporting this assumption (see also [42]).
IV. RESULTS
A. Broadband radiometer and spherical harmonic
decomposition results
The sky maps for the BBR search are shown in Fig-
ure 1, and for the SHD search in Figure 2. Converting
maps from the spherical harmonics basis (i.e. µ = (lm))
to the pixel basis is discussed in detail in [20]. Each
column indicates a different value of the spectral index,
α. The top row shows a map of the signal-to-noise ratio
(SNR) for each sky direction. The SNR sky maps are
consistent with Gaussian noise (see the p-values given
in Table I). Consequently, we place upper limits on the
amount of GW power in each pixel using the methods
outlined in [43]. The bottom rows of Figures 1 and 2
show maps of these upper limits for the BBR and SHD
analyses, respectively. The minimum and maximum 95%
confidence upper limits across all pixels for both the BBR
and SHD searches are shown in Table I. These limits rep-
resent a median improvement across the sky of 2.6-2.7 for
the BBR search and 2.8-3 for the SHD search, depending
on the power-law spectral index, α.
B. Limits on angular power spectra
We also use the maps from the SHD analysis to set
upper limits on the angular power spectrum components,
Cl. The upper limits are shown for three spectral indices
in Figure 3. The upper limit for α = 2/3 can be com-
pared with theoretical predictions in the literature for the
SGWB from compact binaries [4, 6, 44]. In particular,
the calculation in Refs. [4, 44] gives C
1/2
l ≈ 3×10−11 sr−1
for 1 ≤ l ≤ 4 (the calculation in Ref. [6] gives values that
are ∼ 10× smaller). Similarly, the upper limit for α = 0
can be compared with predictions for the SGWB from
Nambu-Goto cosmic strings in Ref. [10], using the same
models for the string network as in Ref. [45]. Assuming
the isotropic component of the cosmic string SGWB is
consistent with the upper limits set by LIGO’s second
observing run [39], the dipole (l = 1) can be as large as
C
1/2
1 ≈ 10−10 sr−1, though the values for higher multi-
poles l > 1 are many orders of magnitude smaller. These
predictions are therefore consistent with the upper limits
obtained here, and present an important target for future
observing runs.
Looking forward towards the prospect of detection, it is
important to note that the finite sampling of the galaxy
distribution and the compact binary coalescence event
rate induces a shot noise in the anisotropies of the astro-
physical GW background. As it has been recently shown
[46] this shot noise leads to a scale-invariant bias term
in the angular power spectrum Cl and it scales with ob-
serving time. Such a bias will dominate over the true
cosmological power spectrum, which to be recovered will
need either sufficiently long observing times or subtrac-
tion of the foreground.
4FIG. 1. Broadband radiometer maps illustrating a search for point-like sources. The top row shows maps of SNR, while the
bottom row shows maps of the upper limits at 95% confidence on energy flux Fα,Θ0 [erg cm
−2 s−1 Hz−1]. Three different
power-law indices, α = 0, 2/3 and 3, are represented from left to right. The p-values associated with the maximum SNR are
(from left to right) p = 9%, p = 20%, p = 66% (see Table I).
FIG. 2. All-sky maps reconstructed from a spherical harmonic decomposition. This search is optimized for extended sources,
and the plots above show SNR (top) and upper limits at 95% confidence on the energy density of the SGWB Ωα [ sr
−1]
(bottom). Results for three different power-law spectral indices, α = 0, 2/3 and 3 are shown from left to right. These three
different sets of maps have an lmax of 3, 4, and 16 respectively. The p-values associated with the maximum SNR are (from left
to right) p = 9%, p = 31%, p = 27% (see Table I).
C. Narrowband radiometer results
The narrowband radiometer search estimates the
strain amplitude, h0, of a potential source of GWs in
three different directions. The maximum SNR across the
frequency band and an estimate of the significance of that
SNR for each direction are shown in Table II. The uncer-
tainty on the frequency for the SNR reported in Table II
is a reflection of the original (uncombined) frequency bin
width. The ephemeris for Scorpius X-1 has been updated
since the publication of [11], and so the search presented
below assumes a projected semi-major axis, a0, in the
center of the range presented by [47].
In the direction of Sco X-1 and the Galactic Center,
the maximum SNR is consistent with what one expects
from Gaussian noise. In the direction of SN 1987A, there
is a frequency bin with a 1-sided, single-direction p-value
1.7% at 181.8 Hz. This p-value includes a trials factor for
the number of frequency bins in the analysis. Under the
assumption that we search over three independent direc-
tions, an extra trials factor would be applied and this
p-value rises to 5%. Therefore, we find no compelling
evidence for GWs from the analysis that combines fre-
quency bins together. We set 95% upper limits on the
strain amplitude of a putative sinusoidal gravitational
wave signal, h0, in each individual frequency bin, taking
into account any Doppler modulation in the signal as well
as marginalizing over inclination angle and polarization
angle of the source [11]. These limits, along with the 1σ
sensitivity of the search, are shown in Figure 4. To avoid
5FIG. 3. Upper limits on Cl’s at 95% confidence for the SHD
analyses for α = 0 (top, black triangles), α = 2/3 (middle, red
circles) and α = 3 (bottom, blue squares). These represent
an improvement in upper limits over O1 of 2.5 – 3 depending
on spectral index, α, and l.
reporting our best limits from downward fluctuations of
noise, we take a running median over each 1 Hz frequency
band and report the best limit on h0 and the frequency
band of that limit in Table II.
The best limits on Sco-X1 set in this paper are higher
than the best limit set in O1 using a model-based cross-
correlation method [21], and are now lower than those set
using hidden Markov model tracking [22]. The torque-
balance limit, set by assuming that torque due to ac-
cretion is equal to the braking torque due to GW emis-
sion, is still around a factor of 5 lower than the limits
set in this paper. The best limits on h0 in the direc-
tion of the Galactic Center and SN 1987A are generally
higher than previous modeled searches for isolated neu-
tron stars [23, 25, 26, 48, 49] in the frequency bands where
those analyses overlap with the one presented here. This
search spans a wider frequency band (20-1726 Hz) than
any one of those individual analyses. It is important to
note that the search presented in this paper is inherently
unmodeled, meaning it makes no assumption about the
phase evolution of a potential signal past timescales of
192 s.
V. OUTLIER AT 36.06 HZ IN THE O2 DATA
In the process of performing the narrowband radiome-
ter search, a natural intermediate step of the analysis is
to look directly at the 0.03125 Hz bins for the O2 data,
before combining with O1 and before combining over ad-
jacent bins to account for Doppler modulation. We call
these “sub-bins”. For this intermediate data product,
the maximum SNRs for the Galactic Center, Sco X-1,
and SN 1987A are 4.6, 4.3, and 5.3, respectively. These
first two values correspond to p-values greater than 5%,
consistent with Gaussian noise. But for SN 1987A, the
maximum SNR of 5.3 at 36.0625 Hz has a corresponding
p-value of 0.27%, or 3σ, which is marginally significant.
Assuming that the maximum SNR is due to a pul-
sar which is spinning down due to GW emission, we can
relate the observed strain h0 = 7.3×10−25 (assuming cir-
cular polarization) at f = 36.06 Hz to other parameters
describing the pulsar:
h0 =
4piG
c4
Izf
2
r
, f˙ = − G
5pic5
2Iz(2pif)
5. (7)
We use a fiducial value for the moment of inertia
Iz = 10
39 kg ·m2. If the source is associated with
SN 1987A, then the distance to Earth is approximately
r = 51 kpc [50, 51], leading to an ellipticity  = 3× 10−2
and spin down f˙ = −7.7 × 10−8 Hz/s. But this value
of the spin down parameter is inconsistent with the fact
that the signal is seen in only one frequency bin. For
the signal to remain in a single frequency bin, it either
needs to have some balancing torque, perhaps from ac-
cretion [52], or the signal would need to be at r . 1 kpc
(corresponding to f˙ = −2.9 × 10−11 Hz/s). In the lat-
ter case, the ellipticity  = 5 × 10−4 is still much larger
than that predicted for typical pulsars. An ellipticity this
large is unlikely to be caused by elastic deformations [53],
but could in principle be caused by large internal mag-
netic fields [54–56], especially if the protons form a type
II superconductor [57]. It is important to note that an
all-sky search for continuous GWs from isolated systems
has set limits more stringent than our estimate of h0 for
this outlier [49].
Using the techniques described in [38], we have not
been able to identify a coherent instrumental witness
channel that would explain this large SNR. But the fact
that the sky direction of the maximum SNR is close to
the equatorial pole is consistent with the behavior of in-
strumental noise lines, since the equatorial poles have no
sidereal-time modulation. The signal appears to turn on
during O2, with the SNR exceeding 1 on March 13th,
2017, as shown in Figure 5. In addition, the signal does
not exhibit any significant short-term non-stationarity,
indicating that this outlier is not generated from a small
number of mis-behaved time chunks with large SNRs.
The turn-on feature of the cumulative SNR is not evi-
dence of a real signal, however, as we have performed
simulations of Gaussian noise conditioned on getting a
maximum SNR ≥ 5, and have found examples where a
turn-on like this can be produced. In addition, upon
combining O2 and O1 data together, the SNR of this
frequency bin is reduced to 4.7, which corresponds to a
p-value of 10%, which is consistent with noise.
VI. CONCLUSIONS
We have placed upper limits on the anisotropic SGWB
using three complementary methods. In each case we
do not find conclusive evidence for a GW signal, and so
we place upper limits by combining data from Advanced
LIGO’s first and second observing runs. A marginal out-
lier at a frequency of 36.06 Hz was seen by the nar-
rowband radiometer search in O2 in the direction of
SN 1987A; however it does not appear in the combined
6Narrowband Radiometer Results
Direction Max SNR p-value (%) Frequency (Hz) (± 0.016 Hz) Best UL (×10−25) Frequency band (Hz)
Sco X-1 4.80 4.5 1602.09 4.2 183.6− 184.6
SN 1987A 4.95 1.7 181.81 3.6 247.75− 248.75
Galactic Center 3.80 98 20.28 4.7 156.8− 157.8
TABLE II. Results for the narrowband radiometer search. We give the maximum SNR, corresponding p-value, and the frequency
bin of the maxmum SNR for each direction in which we searched. We also give the best 95% GW strain upper limits achieved,
and the corresponding frequency band, for all three sky locations. The best upper limits are taken as the median of the most
sensitive 1 Hz band.
FIG. 4. Upper limit spectra using data from O1 and O2 on the dimensionless strain amplitude, h0, at the 95% level for the
narrowband radiometer search are indicated by the gray bands for Sco X-1 (left), SN 1987A (middle) and the Galactic Center
(right). The dark black line indicates the 1σ sensitivity of the search in all three directions. The large spikes are the result
of the calibration lines injected into the detector and suspension-wire resonances for various optical elements throughout the
instruments.
0 20 40 60 80 100 120
Observation Time (days)
−4
−2
0
2
4
C
u
m
u
la
ti
ve
S
N
R
←− O1 O2 −→
FIG. 5. The accumulation of SNR as a function of time for
SN 1987a, including both O1 and O2 data. The curve shows
the observed cumulative SNR in the 36.06 Hz frequency bin.
The green arrows indicate the point where the SNR moves
above 1 for the remainder of the available observation time.
O1+O2 data and is not consistent with a persistent sig-
nal. We will continue to monitor this particular fre-
quency bin during the next observing run, taking advan-
tage of the greater confidence that comes with increased
observation periods and more sensitive detectors.
In the future, the anisotropic searches will include data
from Advanced Virgo as well, and can be used to study
specific astrophysical models. Additionally, new algo-
rithms can take advantage of folded data to produce a
wider search of every frequency and sky position [58–61].
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Supplement To: Directional limits on persistent gravitational waves using data from
Advanced LIGO’s first two observing runs
(The LIGO Scientific Collaboration and Virgo Collaboration)
In this technical supplement we provide additional for-
mulas to support the main text. This closely follows the
discussion given in [11].
Following past analyses, we assume that we can factor-
ize Ωgw(f,Θ) into frequency and sky-direction-dependent
terms
Ωgw(f,Θ) =
2pi2
3H20
f3H(f)P(Θ). (A1)
Note that this quantity has units of the dimensionless en-
ergy density parameter per steradian. For the radiometer
searches it is useful to define a different representation in
terms of energy flux,
F(f,Θ) = c
3pi
4G
f2H(f)P(Θ), (A2)
which has units of erg s−1 cm−2 Hz−1 sr−1, where c is the
speed of light and G is Newton’s gravitational constant.
We use two different representations to estimate the
angular power, P(Θ). The radiometer method [17, 41]
(in both the broadband (BBR) and narrowband (NBR)
applications) is optimized for a small number of resolv-
able, separated point sources on the sky, and so we es-
timate the angular power in terms of point sources by
decomposing onto delta functions
P(Θ) = PΘ0δ2(Θ,Θ0). (A3)
The radiometer method assumes that the sources are
well-localized on the sky (that is, to within one pixel),
and so it is not well-suited to sources which are spread
over a large solid angle.
To characterize diffuse sources of GWs, we use the
spherical harmonic decomposition (SHD) [20]. We write
the angular power in terms of a sum over spherical har-
monics, Ylm(Θ), with amplitude coefficients, Plm
P(Θ) =
lmax∑
l=0
l∑
m=−l
PlmYlm(Θ). (A4)
In principle, lmax should be infinite. However in practice,
we must take a finite value of lmax. The optimal choice
for lmax depends upon the spatial separation and the sen-
sitivity curve of the detectors. We use the same choice
as in the previous analysis [11], taking lmax = {3, 4, 16}
for the 3 spectral indices.
By construction, the NBR search looks for signals in a
narrow range of frequency bins. On the other hand, for
the broadband SHD and BBR searches, we must make
an additional assumption about the spectral shape of the
source. We assume that the GW power spectrum takes
a power-law form,
H(f) =
(
f
fref
)α−3
. (A5)
In this case, the power in each direction is character-
ized by a spectral index, α, and the amplitude of the en-
ergy density or flux at a given reference frequency, fref.
As described in the main text, we choose fref = 25 Hz
and search for and set limits on spectral indices of α =
(0, 2/3, 3).
Given the spectral shape H(f), we define the follow-
ing quantities which are used to construct the sky maps.
For the BBR search it is convenient to consider the flux
Fα,Θ0 ,
Fα,Θ0 ≡
∫
d2ΘF(fref ,Θ) = c
3pi
4G
f2refPΘ0 . (A6)
For the SHD search, we will use the dimensionless energy
density per unit sky area
Ωα(Θ) ≡ Ωgw(fref ,Θ) = 2pi
2
3H20
f3refP(Θ). (A7)
For more details, see [11].
The starting point of the stochastic analysis is the
cross-correlation function C(f ; t), which is given by
C(f ; t) =
2
T
s˜∗1(f ; t)s˜2(f ; t), (A8)
where si(f ; t) is the Fourier transform of length T of the
data from detector i at time t. To produce a sky map, we
convolve C(f, t) with the generalized overlap reduction
function γµ(f, t), which encodes the time delay between
the detectors and the detector response (see [20] for an
explicit definition). We construct the dirty-map Xµ (see
below)
Xµ =
∑
f,t
γ∗µ(f, t)
H(f)
P1(f ; t)P2(f ; t)
C(f ; t). (A9)
Here, Pi(f ; t) is the (one-sided) power spectral density of
the noise in detector i and H(f) is the chosen spectral
model. We use Greek indices µ, ν, · · · to represent angu-
lar degrees of freedom. For the SHD search, µ, ν run over
the spherical harmonic coefficients, e.g., µ ≡ (lm). For
the BBR and NBR searches, µ, ν run over individual sky
directions (pixels).
The quantity Xµ is called the “dirty map” because it
does not faithfully represent the true gravitational-wave
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power on the sky. In order to obtain the true power, fol-
lowing [20] we introduce the Fisher information matrix,
Γµν , which encodes the beam pattern of the detector net-
work
Γµν =
∑
f,t
γ∗µ(f, t)
H2(f)
P1(f ; t)P2(f ; t)
γν(f ; t). (A10)
We can get an estimate of the GW power by inverting
the Fisher matrix, Pˆµν = Γ−1µνXν . In the case of the BBR
and NBR, we ignore correlations between neighboring
pixels, and so we don’t perform a full matrix inversion,
instead taking the inverse of the diagonal elements of the
Fisher matrix:
PˆΘ = (ΓΘΘ)−1XΘ, (A11)
σΘ = (ΓΘΘ)
−1/2. (A12)
In the case of the spherical harmonics, we formally con-
struct an unbiased estimator of the clean map (i.e., the
physical map of GW power) using a maximum likelihood
estimator [20]
Pˆlm =
∑
l′m′
[Γ−1R ]lm,l′m′Xl′m′ . (A13)
The Fisher matrix is degenerate because of the existence
of blind spots in the detector network, as well as the
diffraction limit, [20]. As a result we need to regularize
the Fisher matrix to define an inverse.
Construction of a clean map in the pixel basis, as op-
posed to the spherical harmonics basis, has been pro-
posed [13, 20, 41] and implemented on O1 data [14]. This
method also suffers from a poorly-conditioned Fisher in-
formation matrix, but given that it avoids a spherical
harmonics decomposition entirely, it does not use an ini-
tial cut-off in lmax as our search does.
